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ABSTRACT 

When two u n l i k e  atoms c o l l i d e  a d i p o l e  mment  may be induced 

due t o  d i f f e r e n t  d i s t o r t i o n s  of t h e i r  charge c louds .  Th i s  t h e s i s  

is  concerned wi th  $he long-range c o n t r i b u t i o n  t o  t h i s  i n t e r a c t i o n  

d i p o l e .  

manner analogous t o  t h e  long-range i n t e r a c t i o n  energy. 

approximation t o  t h e  f i r s t  term i n  t h i s  series, D,. 

i s  f i rs t  expressed i n  a convenient form involv ing  i n t e g r a l s  of frequency- 

dependent p r o p e r t i e s  of t h e  i s o l a t e d  atoms and then  an  approximate 

method which invo lves  f a i r l y  s imple p r o p e r t i e s  of t h e  i n d i v i d u a l  atoms 

i s  developed making u s e  of th is  form. 

w i t h  a c c u r a t e  v a r i a t i o n - p e r t u r b a t i o n  v a l u e s  of D 

f o r  helium-hydrogen, and f o r  helium-helium and is  found t o  b e  a c c u r a t e  

t o  w i t h i n  10% o r  less f o r  t h e s e  t h r e e  caaes. 

c a l c u l a t e  D 

This  c o n t r i b u t i o n  can b e  expanded i n  a series i n  Ren i n  a 

We develop an 

Th i s  c o e f f i c i e n t  

The approximation i s  t e s t e d  

f o r  a model system, 7 

It is  f i n a l l y  used t o  

f o r  i n t e r a c t i o n s  of t h e  rare gas  atoms. 7 
- - - - -  
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1. I n t r o d u c t i o n  

& 

When two molecules  o r  u n l i k e  atoms c o l l i d e ,  t r a n s i t i o n s  which are 

o r d i n a r i l y  forb idden  may t a k e  place due t o  t h e  d i s t o r t i o n s  of t h e  charge 

clouds by in t e rmolecu la r  i n t e r a c t i o n s .  

dur ing  such t r a n s i t i o n s  is  known as co l l i s ion - induced  abso rp t ion  ( C I A ) .  

The abso rp t ion  of r a d i a t i o n  

The f i r s t  recognized observa t ions  of co l l i s ion - induced  abso rp t ion  

were made by Crawford, Welsh, Locke, and MacDonald 1'223'19 i n  1949 and 1950. 

They observed o r d i n a r i l y  forbidden v i b r a t i o n a l - r o t a t i o n a l  t r a n s i t i o n s  

i n  02, N 2 ,  H2,  and C 0 2  a t  high d e n s i t i e s  and i n  13 

f o r e i g n  gases .  Other observa t ions  of C I A  have a l s o  been made 

7 y 8 y 2 7  i n  bo th  mole- i nc lud ing  ove r tones  and s imultaneous t r a n s i t i o n s  

when mixed w i t h  2 
4-6,87,88 

7 

c u l e s .  

T h e o r e t i c a l  t r ea tmen t s  of 

work 20-23. Van Kranendonk and 

bidden 0-1 v i b r a t i o n a l  band i n  

C I A  soon fol lowed t h e  f i r s t  exper imenta l  

Bird22 '23 cons idered  t h e  u s u a l l y  f o r -  

H and D and d i s t i n g u i s h e d  two 2 2 

d i f f e r e n t  mechanisms l ead ing  t o  t h e  induced abso rp t ion .  

Short-Range E f f e c t .  This  was c a l l e d  t h e  "atomic d i s t o r t i o n  

e f f e c t "  s i n c e  i t  r e s u l t s  from over lap  of t h e  molecular  charge c louds  

a t  s h o r t  range. 

( A 3 , = o  , hza=o 

This  e f f e c t  i s  mainly r e s p o n s i b l e  f o r  t h e  Q-branch 

) of the  0-1 v i b r a t i o n a l  r o t a t i o n a l  spectrum. 

This was termed t h e  "quadrupole d i s t o r t i o n  Long-Range E f f e c t .  

e f f e c t "  and r e s u l t s  from t h e  p o l a r i z i n g  e f f e c t  of t h e  permanent 

quadrupole  moments of t h e  molecules .  

goes as R-4. This  i n t e r a c t i o n  i s  p r i m a r i l y  r e s p o n s i b l e  f o r  t h e  $ 

(m- ,=a ,  a S,=O o w  as,= 0 ,  A 3 % =  a ) and 

It i s  a long-range e f fec t  and 
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of t h e  v i b r a t i o n a l  spectrum and i s  also r e s p o n s i b l e  f o r  one component 

of t h e  Q-branch. 

Ca lcu la t ions  of t h e  i n t e g r a t e d  abso rp t ion  c o e f f i c i e n t  were made 

f o r  H2, D 2 ,  and H -He mix tures  and t h e  r e s u l t s  ob ta ined  Were about  

h a l f  t he  exper imenta l  v a l u e s .  

2 

I n  f u r t h e r  t h e o r e t i c a l  work on pure H and H 2 2 i n  mixtures  

Van Kranendonk has  determined a d e n s i t y  expansion of t h e  i n t e g r a t e d  

absorp t ion  ~ o e f f i c i e n t ~ ~  and c a l c u l a t i o n s  have been made of t h e  

b ina ry  25926  and ternary8’ terms i n  t h i s  expansion.  25 I n  one of t h e s e  

a model was in t roduced  f o r  t h e  i n t e r a c t i o n  d i p o l e  which t a k e s  i n t o  

account both t h e  s h o r t -  and long-range e f f e c t s  mentioned above. It i s  

a f o u r  parameter f u n c t i o n  of which t h e  component a long t h e  i n t e r -  

n u c l e a r  a x i s  i s  

where 4, and &a are t h e  ang le s  of t h e  two molecules  wi th  t h e  

i n t e r n u c l e a r  axis. The f i r s t  exponen t i a l  t e r m  i s  a shor t - range  e f f e c t  

and approximates t h e  d i p o l e  due t o  ove r l ap  i n t e r a c t i o n s .  The second 

angu la r  dependent term wi th  Rm4 dependence is more long-range and 

25 
approximates t h e  d i p o l e  due t o  d i s p e r s i o n  i n t e r a c t i o n s .  Van Kranendonk J 

c a l c u l a t e d  n\, and semiempi r i ca l ly  and independent ly  of t h e  

o t h e r  two i n  t h e  asympotic l i m i t  as R 4  cro . The Po and 7 
parameters were determined from measurements of t h e  t o t a l  b ina ry  

absorp t ion  c o e f f i c i e n t  and i t s  tempera ture  dependence. and 

26 
c o e f f i c i e n t s  can a l s o  b e  c a l c u l a t e d  u s i n g  p e r t u r b a t l o n  theory  . 

1i The 

la 

I 
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This  d i p o l e  f u n c t i o n ,  c a l l e d  the (exp-4) model, has  s i n c e  been used i n  

t h e o r e t i c a l  c a l c u l a t i o n s  of molecular r o t a t i o n a l 2 ’  and t r a n s l a t i o n a l  31 

CIA.  

T r a n s l a t i o n a l  abso rp t ion ,  t h a t  i s  abso rp t ion  due t o  changes i n  

t h e  r e l a t i v e  k i n e t i c  energy of t h e  c o l l i d i n g  molecules ,  f i r s t  became 

evident  i n  h igh  p res su re  measurements made by Welsh and co-workers on 

H and H - fo re ign  gas  I t  was found t h a t  t h e  Q-branch 

of t h e  0-1 v i b r a t i o n a l  spectrum w a s  s p l i t  i n t o  t h r e e  components. 

2 2 

One 

of t h e s e  i s  t h e  component due t o  t h e  long-range quadrupole i n t e r a c t i o n s  

and is  unchanged from low-pressure measurements. The o the r  two arise 

from t h e  p a r t i c i p a t i o n  of t h e  re la t ive k i n e t i c  e n e r g i e s  i n  t h e  absorp- 

t i o n  process  and correspond t o  an i n c r e a s e  o r  dec rease  i n  t h e  re la t ive  

k i n e t i c  energy dur ing  t h e  t r a n s i t i o n s .  

molecules  are a t  very  s h o r t  range and t h e  re la t ive motion tends  t o  

b e  of a r o t a t i o n a l  n a t u r e  r a t h e r  than along t h e  l i n e  of c e n t e r s .  The 

two-pa r t i c l e  system is then  e s s e n t i a l l y  a r i g i d  r o t a r  and t h e  changes 

i n  t h e  k i n e t i c  energy are l i k e  r o t a t i o n a l  t r a n s i t i o n s .  This  l e a d s  t o  

two branches of t h e  over lap  p o r t i o n  of t h e  Q-branch analogous t o  t h o s e  

i n  t h e  i n f r a r e d  r o t a t i o n a l - v i b r a t i o n a l  s p e c t r a  of d ia tomic  molecules .  

Under h igh  p res su re  t h e  

2- Coll is ion-induced pure r o t a t i o n a l  t r a n s i t i o n s  i n  H and i n  H 

rare gas mixtures  have a l s o  been observed 12-15’ 28’29 and t r a n s l a t i o n a l  

e f f e c t s  were aga in  found i n  t h i s  s p e c t r a .  K i s s ,  Gush, and Welsh i n  

a s tudy of t h e  abso rp t ion  i n t e n s i t i e s  f o r  r o t a t i o n a l  t r a n s i t i o n s  found 

t h a t  t h e  t h e o r e t i c a l  band i n t e n s i t i e s  were no t  i n  good agreement w i t h  

t h e  exper imenta l  v a l u e s  and t h a t  t h e  shape of t h e  abso rp t ion  contours  

2 

1 4  

suggested t h a t  t h e  r o t a t i o n a l  l i n e s  were o v e r l a i d  by a continuum in-  
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creas ing  i n  i n t e n s i t y  toward lower f requencies .  T h i s  continuum was 

i n t e r p r e t e d  as be ing  a t r a n s l a t i o n a l  one due t o  co l l i s ion- induced  

absorp t ion  r e s u l t i n g  i n  changes i n  t h e  re la t ive  k i n e t i c  energy.  

t h e  experimental  curves  were s e p a r a t e d  i n t o  r o t a t i o n a l  and t r a n s l a t i o n a l  

p a r t s  by a semiempir ical  method t h e  agreement of t h e  t h e o r e t i c a l  

r o t a t i o n a l  i n t e n s i y  w i t h  experiment was g r e a t l y  improved 15 . 

When 

I n  o r d e r  t o  confirm t h e  e x i s t e n c e  of pure ly  t r a n s l a t i o n a l  C I A ,  

K i s s  and Welsh'' c a r r i e d  ou t  i n f r a r e d  a b s o r p t i o n  experiments on com- 

pressed  mixtures  of rare gases  and observed t h e  high-frequency t a i l  

of a continuous spectrum f o r  helium-neon, helium-argon, and neon-argon. 

This  absorp t ion  w a s  a t t r i b u t e d  t o  t h e  d i s t o r t i o n  of t h e  charge d i s -  

t r i b u t i o n  of t h e  atoms by i n t e r m o l e c u l a r  f o r c e s  dur ing  a c o l l i s i o n  

g i v i n g  r ise  t o  an induced d i p o l e  moment. 

made by Heastie and Martin17 and t h e  f u l l  t r a n s l a t i o n a l  spectrum w a s  

ob ta ined  i n  1965 by Bosomworth and Gush f o r  helium-argon and neon- 

argon mixtures .  No a b s o r p t i o n  w a s  ob ta ined  by t h e  l a t t e r  a u t h o r s  f o r  

helium-neon. 

F u r t h e r  measurements were 

18 

Since t h i s  t i m e  t h e  t h e o r e t i c a l  work on C I A  h a s  been mainly 

centered  on t r a n s l a t i o n a l  a b s o r p t i o n  i n  rare-gas  mixtures .  The f i r s t  

c a l c u l a t i o n s  a c t u a l l y  had been done ear l ier  by Buckingham3' on t h e  

i n t e r a c t i o n  d i p o l e .  H e  expressed  it  i n  terms of a s l ior t - range o v e r l a p  

d i p o l e  and a long-range d i s p e r s i o n  d i p o l e  (which w a s  expanded i n  a 

series i n  R 

t i o n s  were made of t h e  o v e r l a p  p a r t  and of t h e  R-7 t e r m  in t h e  

d i s p e r s i o n  p a r t .  

-n , t h e  f i r s t  t e r m  of  which w a s  R-7) .  Approximate c a l c u l a -  

For HeH h e  found t h a t  t h e y  were approximately of t h e  
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same magnitude a t  5 Bohrs and of o p p o s i t e  s i g n .  

I n  1961, P o l l  and Van Ktanendonk3' developed a theo ry  of t h e  

t r a n s l a t i o n a l  i n t e g r a t e d  abso rp t ion  c o e f f i c i e n t  4 f o r  atomic and 

molecular  gas mixtures .  A s  i n  previous  calculation^^^ '29 they expanded 

t h e  abso rp t ion  c o e f f i c i e n t  i n  terms of d e n s i t i e s  and c a l c u l a t e d  t h e  

b i n a r y  t e r m .  The i r  t heo ry  begins  wi th  a quantum mechanical  express ion  

f o r  d. and makes t h e  fol lowing t h r e e  approximations:  

(1) The i n t e r a c t i o n  d i p o l e  i s  taken  t o  be  t h e  ove r l ap  form 

-Q 
pcw = )Ao e > 

(2)  The i n t e r a t o m i c  p o t e n t i a l  i s  chosen t o  b e  t h e  Lennard-Jones 

(12-6) p o t e n t i a l ;  

(3)  The c lass ica l  form of t h e  p a i r  d i s t r i b u t i o n  f u n c t i o n  is  used. 

The problem of choosing forms f o r  t h e  i n t e r a c t i o n  d i p o l e  and the 

i n t e r a t o m i c  p o t e n t i a l  i s  one which has  been p r e s e n t  i n  a l l  t h e o r i e s  

of C I A .  

Af t e r  1965 many t h e o r i e s  of t h e  l i n e  shape f o r  CIA i n  rare gas  

mixtures  have been proposed both from quantum mechanical  32,34,36-38 

and c l a s s i c a l  viewpoints .  They d i f f e r  mainly i n  the cho ice  of 33,37,39 

in t e ra tomic  p o t e n t i a l  and i n t e r a c t i o n  d i p o l e .  The two forms used f o r  

32,36,38,39 t h e  l a t t e r  have been exponent ia l  Y r" tR> = )hocm\3 (-w+ , 
33,34,37 

and modif ied gauss ian  ' p CR', = p a ' X R t x y  <- x2 R 9  
33 The gauss ian  form was chosen mainly f o r  computat ional  convenience . 

The d i p o l e  parameters  u s u a l l y  have been f i x e d  by f i t t i n g  t h e  t h e o r e t i c a l  

express ion  t o  t h e  experimental  d a t a l 8  a t  t h e  peak of t h e  abso rp t ion .  
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The e x p o n e n t i a l  form, which h a s  been commonly used f o r  t h e  over lap  

d i p o l e ,  h a s  r e c e i v e d  suppor t  from Hartree-Fock c a l c u l a t i o n s  made by 

Matcha and N e ~ b e t ~ ~  f o r  HeNe,  H e A r ,  and N e A r .  They found t h a t  t h e  

d i p o l e  moments of these molecules  could a l l  b e  f i t t e d  by a s imple  

exponent ia l .  However t h e  d i s p e r s i o n  c o n t r i b u t i o n  t o  t h e  d i p o l e  moment 

could not  b e  obta ined  by t h i s  method s i n c e  t h e  Hartree-Fock approxima- 

t i o n  does n o t  d e s c r i b e  t h e  c o r r e l a t i o n  e f f e c t s  responsi.ble f o r  

d i s p e r s i o n  i n t e r a c t i o n s .  

Among t h e  l i n e  shape t h e o r i e s  f o r  C I A  mentioned above one of t h e  

most r e c e n t  is t h a t  of McQuarrie and Bernstein3'  who c a l c u l a t e d  t h e  

33 
l i n e  shape f o r  HeAr  i n  t h e  c lass ica l  framework of Levine and Birnbaum 

us ing  t h e  Matcha and N e ~ b e t ~ ~  d i p o l e  moment and a Lennard-Jones (12-6) 

p o t e n t i a l .  They were a b l e  t o  f i t  t h e  a b s o r p t i o n  curve f a i r l y  w e l l  

only i f  t h e  range ( i . e .  t h e  e parameter)  of t h e  d i p o l e  was i n c r e a s e d  

by about  10% over  t h a t  of Matcha and Nesbet.  

Levine4' h a s  t e s t e d  t h e  e x p o n e n t i a l  model by f i t t i n g  t h e  two 

and e s o  t h a t  two moments of t h e  l i n e  shape Y" parameters 

a g r e e  wi th  t h e  exper imenta l  values  f o r  HeAr  and N e A r .  H e  found t h a t  

t h e  Matcha and Nesbet f u n c t i o n s  were smaller than  t h e s e  r e s u l t s  f o r  

two d i f f e r e n t  H e A r  p o t e n t i a l s  and claimed t h a t  t h e  disagreement  i s  

g r e a t e r  then could b e  a t t r i b u t e d  t o  e i t h e r  t h e  u n c e r t a i n t y  i n  t h e  

experimental  v a l u e s  o r  t o  e r r o r s  i n  t h e  Hartree-Fock c a l c u l a t i o n s .  

F u t r e l l e  h a s  found t h a t  t h e  tempera ture  dependence of C I A  of rare 

gas mixtures  should be  a good method of probing  t h e  i n t e r a c t i o n  poten- 

t i a l  f o r  u n l i k e  atoms . It was sugges ted  t h a t  t h e  problem of t h e  42,43 

form of t h e  d i p o l e  moment can b e  avoided by de termining  i t s  form from 
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Y 

a s tudy  of t h e  temperature  dependence of t h e  shape of t h e  abso rp t ion  

spectrum 42,43 

It is ev iden t  from t h i s  d i scuss ion  t h a t  one of t h e  impor tan t  

problems i n  t h e o r e t i c a l  c a l c u l a t i o n s  of C I A  i s  t h e  de t e rmina t ion  of 

a r e l i a b l e  f u n c t i o n a l  form f o r  t h e  induced d i p o l e  moment. 

good t h e o r e t i c a l  f i t s  t o  t h e  experimental  curves have been obta ined  

f o r  HeAr  38y39 and NeAr3* us ing  t h e  s imple exponen t i a l  form i t  i s  not  

clear e i t h e r  t h a t  b e t t e r  r e s u l t s  might no t  be obta ined  wi th  ano the r  

form o r  t h a t  t h e  exponen t i a l  model w i l l  g i v e  good r e s u l t s  f o r  ocher  

p a i r s .  

-blhile f a i r l y  

One obvious area f o r  i n v e s t i g a t i o n  is t h e  importance of a long- 

range c o n t r i b u t i o n  t o  t h e  i n t e r a c t i o n  d i p o l e  which has  been mentioned 

by Levine4' as being a p o s s i b l e  reason  f o r  disagreement of t h e  expon- 

e n t i a l  model w i t h  experiment.  The d i s p e r s i o n  d i p o l e  h a s  been t r e a t e d  

p rev ious ly  us ing  t h e  Drude model4' and p e r t u r b a t i o n  theory  30,41* In 

one of t h e  l a t t e r  c a l c ~ l a t i o n s ~ ~  two terms were a n n i h i l a t e d  so  t h e  

r e s u l t s  are i n  e r r o r .  This  t h e s i s  w i l l  b e  concerned wi th  t h i s  d i s -  

p e r s i o n  c o n t r i b u t i o n  t o  t h e  i n t e r a c t i o n  d i p o l e  between S-state atoms. 

The d i s p e r s i o n  d i p o l e  is expanded i n  a mul t ipo le  series i n  i n  a 

manner analogous t o  t h e  long-range i n t e r a c t i o n  energy and a method 

proposed f o r  t h e  approximation of t h e  f i r s t  term i n  t h i s  series which 

goes as R-7. This  approximation is t e s t e d  w i t h  a c c u r a t e  c a l c u l a t i o n s  

f o r  a model 

u t i l i z e d  t o  

i n  rare-gas  

system and f o r  t he  He-H i n t e r a c t i o n .  It i s  then  f i n a l l y  

o b t a i n  t h e  d i spe r s ion  c o n t r i b u t i o n  t o  t h e  d i p o l e  induced 

i n t e r a c t i o n s  . 92 
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2. Long-Range Dipole  Moment 

L e t  us now cons ider  two S-state atoms A and B.  We w i l l  t a k e  t h e  

z-axis t o  be along t h e  i n t e r n u c l e a r  a x i s  and p o i n t i n g  from A t o  B .  

The d i s c u s s i o n  w i l l  b e  l i m i t e d  t o  l a r g e  i n t e r n u c l e a r  s e p a r a t i o n s ,  f o r  

which the  o v e r l a p  between t h e  two atoms can b e  n e g l e c t e d .  

a l s o  n e g l e c t  a l l  r e t a r d a t i o n  e f f e c t s .  I f  w e  a s s o c i a t e  one se t  of 

e l e c t r o n s  w i t h  atom A and t h e  remaining e l e c t r o n s  w i t h  

atom B t h e  Hamiltonian of t h e  diatom system can b e  w r i t t e n  as 

We will 

where 

and where and YB are t h e  Hamil tonians of t h e  n o n i n t e r a c t i n g  

atoms. R i s  t h e  i n t e r n u c l e a r  s e p a r a t i o n  of t h e  atoms. S i n c e  a tomic  

over lap  has been n e g l e c t e d  t h e  wavefunct ion of t h e  system need n o t  b e  

antisymmetrized and w e  can t a k e  t h e  z e r o t h  o r d e r  wavefunct ion t o  b e  a 

product  of t h e  normalized ground s t a t e  wavefunct ions of t h e  i s o l a t e d  

I f  we l e t  '% = +,, + Ha  and l%- t:>QQ = 0 
1 1  

then  w e  can d e r i v e  a Rayleigh-Schrodinger p e r t u r b a t i o n  e x p r e s s i o n  i n  

terms of t h e  reduced r e s o l v e n t  45 !&, = (Eo->i j - '  C\- \c,%\') 

I f  is t h e  t o t a l  wavefunction t h e n  
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Defining A E -  € - tQ  w e  see t h a t  

8 

5!? = C\- - Q o C ~ - - A E \ X ' ~ o  - 
Expanding t h e  i n v e r s e  operator"  and observing t h a t  Roqo= 0 g ives  

The diatom reduced r e s o l v e n t  ope ra to r  i n  sum over  states form i s  45 

where \k> is  an  e x c i t e d  s ta te  wavefunct ion f o r  t h e  i s o l a t e d  

diatom system and t h e  summation ex tends  over  a l l  d i s c r e t e  states 

o t h e r  than  \ob and over the  continuum. 

The p e r t u r b a t i o n  p o t e n t i a l  V can b e  expanded i n  a m u l t i n o l e  

46 series 
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where, 

\I, 1 

fo r  t h e  z-axis from atom A t o  atom B ,  

m I n  t h i s  expres s ion  M 

( i n  atomic u n i t s )  

i s  a n  i r r e d u c i b l e  m u l t i p o l e  moment de f ined  by 1 

3 
For n e u t r a l  atoms t h e  f i r s t  two nonvanishing terms i n  (5) are V 

and V 4' 
The d i p o l e  moment is 

is  t h e  d i p o l e  moment ope ra to r .  For two n e u t r a l  atoms 
where r 
t h i s  o p e r a t o r  is  ( i n  atomic u n i t s )  

I f  w e  s u b s t i t u t e  t h e  m u l t i p o l e  expansion f o r  V i n t o  (3) and t h e  

resul t  i n t o  (8) w e  o b t a i n ,  a f t e r  c o l l e c t i n g  t h e  d i f f e r e n t  powers of R ,  

The R-6 and terms van i sh  because  of  symmetry. The D c o e f f i c i e n t  

i s  g iven  by 
7 
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I f  t h e  e x c i t e d  states \k> of t h e  diatom are 

of states of t h e  two i s o l a t e d  atoms, \k> = \ 
reduced r e s o l v e n t  may be  w r i t t e n  

expressed as a product  

Def in ing  a s i n g l e  atom frequency dependent r e s o l v e n t  

'FiR, [d = - 
and making u s e  of t h e  47 i d e n t i t y  

(13) 

w e  can express  Qb i n  a more convenient  form 

(15)  = \&YBo\RR, t \AB\XRQ\R? t Q, RA * 

AB I n  t h i s  express ion ,  

r e s o l v e n t  

= R t  (0) and Ro is a "double e x c i t a t i o n "  

A f t e r  e x t e n s i v e  symmetry reduc t ion  summarized i n  Appendix A 

equat ion  (11) i s  reduced t o  t h e  fo l lowing  form 



where 

12  

r and 
I n  (20) through (23 )  

t h e  d i p o l e  and quadrupole moments, r 
@ 
= \v\y and @= M i  . 

are t h e  m = 0 components of 

The r e s o l v e n t  Ro (w) i s  d e f i n e d  by equat ion  (13 ) .  We have r e d e f i n e d  

\ O b  t o  be t h e  ground s t a t e  atomic wavefunct ion f o r  A o r  B.  

7 3. Approximate Formula f o r  D 

O f  t h e  f o u r  q u a n t i t i e s  d e f i n e d  by (20) - (23) only  one is w e l l -  

known - d ( i w >  , t h e  frequency-dependent p o l a r i z a b i l i t y .  The o t h e r s  

can b e  r e l a t e d  t o  known p r o p e r t i e s  only i n  t h e  s t a t i c  l i m i t .  For 

s p h e r i c a l  systems B ~ c k i n g h a m ~ ~  has  d e f i n e d  a scalar B(O) which i s  t h e  

c o e f f i c i e n t  of t h e  e l e c t r i c  f i e l d  squared times t h e  e lectr ic  f i e l d  

g r a d i e n t  i n  t h e  expansion of t h e  energy i n  a n  e l e c t r i c  f i e l d .  It i s  



1 3  

found t h a t  

c 

One measurement of B ( O )  h a s  been made f o r  methane 48 . 
t h a t  L(o,o)  is t h e  d i p o l e  sum49 S(-3). 

A l s o ,  w e  see 

S ince  frequency-dependent v a l u e s  of 'd L, and 1\ are no t  

a v a i l a b l e  from experiment and a l so  are d i f f i c u l t  t o  c a l c u l a t e  f o r  atoms 

I 

much l a r g e r  than  helium i t  would be  u s e f u l  t o  develop approximations f o r  

them. 

r n a t i ~ n ~ ~ , ~ ~ .  

i n  t h e  r e s o l v e n t  (13) are r ep laced  by a s i n g l e  ave rage  e x c i t a t i o n  energy 

E.  Then Ro(w) becomes 

I 1  
One method which has  been used i n  t h e  p a s t  i s  t h e  Unsold approxi- 

k - Eo 
I n  t h i s  approximation a l l  e x c i t a t i o n  e n e r g i e s  E 

I f  w e  s u b s t i t u t e  (25) i n t o  equat ions  (20) - (23) f o r  d.,x, 
L 
g i v e s  us  

, a n d  

and t h e  r e s u l t s  i n t o  (18) and (191, c a r r y i n g  out  t h e  i n t e g r a t i o n s  

The o p e r a t o r  P permutes t h e  s u b s c r i p t s  A and B .  

D i f f e r e n t  choices  of E a re  p o s s i b l e .  Three of t h e s e  are: 

AB 

( i )  t h e  i o n i z a t i o n  energy I of t h e  atom; ( i i )  t h e  d i p o l e  p o l a r i z a b i l i t y  

average  e x c i t a t i o n  energy 
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( i i i )  t he  quadrupole p o l a r i z a b i l i t y  average  e x c i t a t i o n  energy 

a LA 
E, = 

" ( E 6  

where 

Buckingham chose t h e  f i r s t .  We choose t h e  d i p o l e  p o l a r i z a b i l i t y  average  

e x c i t a t i o n  energy e because i t  g i v e s  t h e  most a c c u r a t e  approxima- 

t i o n s  t o  t h e  exac t  v a l u e s  of % ( o )  , T ( o , o )  , and L(o ,o)  f o r  t h e  

hydrogen atom. 
I 1  

The Unsold approximation, wh i l e  s imple  t o  u s e ,  i s  n o t  ve ry  a c c u r a t e  

f o r  t h e  model system presented  i n  t h e  nex t  s e c t i o n .  Another appa ren t ly  

more a c c u r a t e  approximation scheme can b e  developed as fo l lows .  

I 
7 F i r s t ,  l e t  us  cons ider  D and wri te  it  as 

I f  w e  then  assume t h a t  ' d i ~ \ / d ( ~ ) i s  a c o n s t a n t  g1 and u t i l i z e  t h e  

express ion  f o r  t h e  Van d e r  Waals c o e f f i c i e n t  C 

dynamic p o l a r i ~ a b i l i t i e s ~ ~  w e  o b t a i n  

AB 
6 as an  i n t e g r a l  over  

I n  t h e  same manner, l e t  
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V 

T (Q>131 

G Lh,*\ where w e  have assumed t h a t  

def ined  

i s  a cons t an t  gl' and have 

The problem is  now reduced t o  c a l c u l a t i n g  CI1  and choosing va lues  AB 
f o r  g1 and g". Various choices  are a v a i l a b l e  f o r  t h e  l a t t e r  two, 

t h e  most obvious be ing  t h e  va lues  obta ined  by t ak ing  t h e  ze ro  o r  

i n f i n i t e  f requency l i m i t s  of t h e  r a t i o s  TIw\/ d,( iw)  and 

T(,Q>*J / ~ c ~ l ~ >  . However reasonable  and computa t iona l ly  convenient  

forms r e s u l t  i f  w e  d e f i n e  t h e  "frequency average" of a q u a n t i t y  

~ ( u , v , w , .  . .) t o  b e  

and l e t  t h e  cons t an t s  b e  

and 

We w i l l  u s e  (37 )  and (38)  as our  choice  of t h e  cons t an t  va lues  

f o r  g1 and g". This  is  d iscussed  f u r t h e r  i n  Appendix B .  The frequency 

averaged q u a n t i t i e s  needed a r e  



For t h i s  choice  w e  need o n l y  c a l c u l a t e  two e x p e c t a t i o n  v a l u e s  and one 

second-order proper ty .  The l a t t e r  should n o t  b e  much more d i f f i c u l t  

t o  do than t h e  s t a t i c  p o l a r i z a b i l i t y .  

I1 
We a r e  s t i l l  l e f t  w i t h  CAB, a q u a n t i t y  n o t  t o o  d i f f e r e n t  from t h e  

AB 
6 Van d e r  Waals c o e f f i c i e n t  C , as i s  most e a s i l y  seen  from t h e i r  sum- 

o v e r - s t a t e s  form 

d 

51,52 Because of t h i s  s i m i l a r i t y  i t  should b e  p o s s i b l e  t o  u s e  methods 

I' Simple approximations developed f o r  CAB as a means of c a l c u l a t i n g  C 

can a l s o  be made. 

( sh + ES ) 2  where € h  and GB are average  d i p o l e  

p o l a r i z a b i l i t y  e x c i t a t i o n  e n e r g i e s .  

is fko 2wko \ do\p\k>\Q , t h e  i d e n t i t y  

AB ' 6 

For example i n  e q u a t i o n  ( 4 4 )  l e t  ( wqw +WQ,  >?= 

S i n c e  t h e  o s c i l l a t o r  s t r e n g t h  
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can b e  used t o  g i v e  

a b 2 -  a b I f  i n s t e a d  i n  ( 4 4 )  w e  t a k e  (wko + wlo) - (wko + wlo)( 6 A + € B) 

and c o n s i d e r  equat ion  ( 4 5 )  w e  have a second approximation f o r  C 11 AB 

For two hydrogen atoms ( 4 7 )  is  5.063 and ( 4 8 )  is 4.874. These are 

q u i t e  c l o s e  ( 3 %  f o r  t h e  f irst  and 1% f o r  t h e  second) t o  an a c c u r a t e  

v a l u e  of 4.9324 c a l c u l a t e d  i n  the next s e c t i o n .  

I1 
AI3 

It should b e  noted t h a t  i f  w e  choose ( 4 7 )  a s  our v a l u e  of C 
I 1  

then  t h e  D;' which r e s u l t s  is  t h e  same as t h a t  from t h e  Unsold 

approximation. I n  fact  i f  Uns:ld v a l u e s  of C y  and % 
- 

are a l s o  used 

(49b j 

I 1  

our  approximation (31) and (32 )  reduces  t o  t h e  Unsold form of equat ion  

4.  Model System: Scaled Hydrogen Atoms 

A simple system f o r  which i t  is p o s s i b l e  t o  c a l c u l a t e  a n  a c c u r a t e  

D as a test of o u r  approximation i s  t h a t  of a s c a l e d  hydrogen atom 

i n t e r a c t i n g  w i t h  a hydrogen atom. 

v a r i a t i o n - p e r t u r b a t i o n  technique p r e v i o u s l y  used b y  o t h e r s  f o r  t h e  

7 
The a c c u r a t e  t rea tment  u t i l i z e s  a 
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c a l c u l a t i o n  of long-range e n e r g i e s  53  a and frequency-dependent 

p r o p e r t i e s  55 . 

For an atom A ,  w e  choose an  orthonormal set 5 L l  
rv 

such t h a t  A. = Ao, t h e  e x a c t  ground s ta te  wavefunction, and such  t h a t  

t h e  unperturbed Hamiltonian ma t r ix  i s  d i agona l ,  

= A &  F,, 
of t h i s  b a s i s  is  

< &k \ Mh-F;: \$,A 
. An approximation f o r  t h e  r e s o l v e n t  (13) i n  terms 

4 
I f  w e  s u b s t i t u t e  (50) i n t o  equa t ions  (20) - (23 )  f o r  d, 6 , 'p, and L 

and t h e  r e s u l t s  i n t o  (18) and (19), c a r r y i n g  out t h e  i n t e g r a t i o n s  

g i v e s  u s  

where 

and s i m i l a r l y  f o r  B. 

For t he  hydrogen-scaled hydrogen model system t h e  zero th-order  

wavef unc t  ions a r e  
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A s  i n i t i a l  b a s i s  sets f o r  t h e  two atoms w e  choose t h e  o r b i t a l s  of 

Lowdin and S h u l l  5 6 ' 5 7  wi th  a u n i t  s c a l i n g  f a c t o r  f o r  atom B. The 

b a s i s  sets ';Akj and C B &  

ton ians  of A and B w i th  t h e  r e s p e c t i v e  Lowdfn-Shull b a s i s  s e t .  

F r a c t i c a l l y ,  only two symmetry types  of t h e s e  need b e  used - t h o s e  of 

I 1  

are formed by d i agona l i z ing  t h e  H a m i l -  
1 1  

0 0 

p and d angu la r  symmetry. 

found t o  g i v e  s a t i s f a c t o r y  convergence. 

and (52) are i n  Tables  2 and 3 .  

Basis sers of 10 p a n d  20 d -o rb i t a l s  were 

The a c c u r a t e  r e s u l t s  from (51) 

is known e x a c t l y  

f o r  one-e lec t ron  systems58 the  approximations (31) and (32)  can b e  
.P ve Since  t h e  f i r s t  o rder  wavefunction R, ' 

e a s i l y  c a l c u l a t e d  us ing  t h e  frequency-averaged v a l u e s  f o r  gL and g I1 . 
AB I1 
6 The necessary  cons t an t s  C and CAB are computed us ing  t h e  a c c u r a t e  

technique  desc r ibed  above. The expres s ions  f o r  t h e s e  c o n s t a n t s  are 

The a c c u r a t e  CAB and C1' c a l c u l a t e d  i n  t h i s  manner f o r  s c a l i n g  6 AB 
f a c t o r s  from one t o  two a r e  l i s t e d  i n  Table  1 along with t h e  two 

approximations ( 4 7 )  and ( 4 8 ) .  The r e s u l t s  from approximations (31 )  

and ( 3 2 )  are i n  Tables  2 and 3. A l s o  i n  Table  3 w e  have inc luded  t h e  

r e s u l t s  of t h e  Unsold Approximation ( 2 6 ) .  
1 1  

Checks on t h e  completeness of t h e  b a s i s  used f o r  hydrogen may 

b e  found i n  Appendix D.  Some p r o p e r t i e s  of t h e  f i n i t e  b a s i s  se t  are i n  

Appendix H .  
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5. Discuss ion:  Model System 

From Table  3 i t  is seen  t h a t  t h e  agreement between t h e  a c c u r a t e  

and our approximate v a l u e s  of D 

5 = 1 t o  = 2.  For t h i s  model system, a t  l eas t ,  our  approxi- 

i s  q u i t e  good, be ing  about 1.5% f o r  
7 

I 1  

mation is s u p e r i o r  t o  t h e  Unsold and ve ry  c l o s e  t o  t h e  a c c u r a t e  method. 

I n  Table 1 t h e  s imple  approximations .(47) and ( 4 8 )  t o  Cii do seem 

t o  be s a t i s f a c t o r y .  

an o rde r  of magnitude smaller than  D 

known p r e c i s e l y ,  w e  may s t i l l  be a b l e  t o  o b t a i n  a good approximation 

t o  D i f  D is f a i r l y  a c c u r a t e .  

Furthermore,  i n  Table 2 w e  see t h a t  D I 1  i s  about 7 
I 
7 AB 

so t h a t ,  even i f  CII i s  n o t  

I 
7 7 

For t h i s  model system w e  knew t h e  f i r s t  o rde r  wavefunction R,pw0 
-c 

e x a c t l y  and hence were a b l e  t o  o b t a i n  an e x a c t  v a l u e  f o r  b . 
Unfor tuna te ly ,  t h i s  w i l l  n o t  be t r u e  f o r  more complex systems. This  

i n d i c a t e s  t h a t  t h e  most impor tan t  problem i n  t h i s  approximation scheme 

I 
7 '  p o s s i b l e  i n  o rde r  t o  have a good v a l u e  of D 

6 .  C a l c u l a t i o n  of ?f 

- 
An a c c u r a t e  v a l u e  of '6 is d i f f i c u l t  t o  o b t a i n  because of t h e  

presence  of t h e  r e s o l v e n t  o p e r a t o r .  

mating 3 

A v e r y  s imple  method of approxi -  
- I 1  

i s  t h e  Unsold Approximation which l e t s  t h e  r e s o l v e n t  be 

and g i v e s  \ - 
0 2 -  € R 

€ 



2 1  

. 

1 1  

Since  t h e  Unsold approximation f o r  D was found i n  S e c t i o n s  4 and 5 

t o  be r e l a t i v e l y  i n a c c u r a t e  f o r  t h e  model system i t  would seem d e s i r a b l e  

7 

t o  avoid  us ing  i t  f o r  i f  a t  a l l  p o s s i b l e .  

A second approximation may b e  formulated as i n  t h e  H e  p o l a r i z a b i l i t y  

($\\ 
c a l c u l a t i o n s  of Baber and Hasse 59960. 

approximation t o  % o y q o  where 

They l e t  be  a two-term 

\ 
€ 

However l e t  us de te rmine  C 

and where Ne= number of e l e c t r o n s .  

j u s t  t h e  Unsold approximation. 

ex t remiz ing  t h e  f u n c t i o n a l  

I f  C1 = - and C2 = 0 t h i s  i s  
11 

and C 2  by 1 

where (H,-F,)w,=o . Then us ing  AJ C\> i n  (41)  g i v e s  a Dew 

approximat i o n  

58 This  is t h e  exac t  expres s ion  f o r  % f o r  a one-e lec t ron  atom. A 
- 

more d e t a i l e d  e x p l a n a t i o n  of t h e  c a l c u l a t i o n  of 

Appendix E.  

’6 may be found i n  

Other methods commonly used f o r  p o l a r i z a b i l i t i e s  should a l s o  be  

58 a p p r o p r i a t e  f o r  7 . Dalgarno’s review a r t i c l e  covers them q u i t e  

w e l l .  Probably t h e  most u s e f u l  of t h e s e  f o r  more complex systems would 
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b e  uncoupled Hartree-Fock p e r t u r b a t i o n  theory  . However i f  w e  compare 
6 1  

rare gas p o l a r i z a b i l i t i e s  c a l c u l a t e d  w i t h  t h e  two-term f i r s t  o r d e r  

wavefunction (57) us ing  Clementi ' s62 Hartree-Fock q e  and uncoupled 

Hartree-Fock p o l a r i z a b i l i t i e s  (Table 4 )  w e  see t h a t  t h e  two-term v a l u e s  

are as good as o r  b e t t e r  t h a n  t h e  uncoupled Hartree-Fock. T h i s  coupled 

w i t h  t h e  r e l a t i v e  s i m p l i c i t y  of (59) makes t h e  two-term approximation 

t o  3 q u i t e  a t t rac t ive .  
- 

7. Approximation: He-H and He-He 

We have now formulated a method of approximating D which h a s  7 

been s u c c e s s f u l  f o r  a s imple  model system. The next  s t e p  i.s t o  t e s t  

t h i s  method f o r  two more r e a l i s t i c  systems,  He-H and He-He. T h i s  

w i l l  s e r v e  two purposes  - a f u r t h e r  check of t h e  accuracy oE t h e  

method and a lso a test  of t h e  two ways of c a l c u l a t i n g  
- 
3 given  i n  

(56) and ( 5 9 ) .  

Approximation 1 

This  is t h e  approximation proposed i n  e q u a t i o n s  (311, (32),  and - 
( 4 0 )  - ( 4 3 ) .  A l l  q u a n t i t i e s  i n c l u d i n g  '6 and C,:; w i l l  be  c a l c u l a t e d  

a c c u r a t e l y  using t h e  methods d e s c r i b e d  p r e v i o u s l y  f o r  hydrogen and 

i n  t h e  next  s e c t i o n  f o r  hel ium. This  w i l l  serve as a check on t h e  

v a l i d i t y  of t h e  approximation procedure.  

Approximat ion 2 

z 

T h i s  i s  t h e  same as t h e  f i r s t  except  t h a t  % i s  determined 

us ing  t h e  two-term approximation (59) .  I n  c a l c u l a t i n g  c o n s t a n t s  
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t 

C and C by t h e  f u n c t i o n a l  (581, t h e  s u b s t i t u t i o n  of equa t ion  ( 6 3 )  1 2 

was made. 

Approximation 3 

'h 

This  i s  t h e  same as t h e  f i r s t  excepr. t h a t  3 i s  c a l c u l a t e d  
II 

us ing  t h e  Unsold method of equat ion  (56 ) .  

Approximation 4 

I I  

This  i s  t h e  Unsold approximation f o r  D of equa t ion  ( 2 6 ) .  The 
7 

hydrogen expec ta t ion  va lues  used a re  exac t .  Those needed for. hel ium 

6 4  are done a c c u r a t e l y  us ing  t h e  Hart-Herzberg wavefunction. 

- 
The v a l u e s  of '6 and g1 used i n  t h e  f i r s t  t h r e e  approximations 

are compared i n  Table 5. I n  Tables  6 and 7 w e  have l i s t e d  t h e  r e s u l t s  

o f  t h e  f o u r  approximations f o r  He-H and He-He a long wi th  a c c u r a t e  

v a l u e s  c a l c u l a t e d  i n  t h e  next  s e c t i o n .  For He-He on ly  t h e  one-way 

+$;I a r e  t a b u l a t e d ,  where A AI 
7 = D7 c o e f f i c i e n t s  D 

The t o t a l  c o e f f i c i e n t  vanishes  f o r  i n t e r a c t i o n s  of i d e n t i c a l  atoms. 

8. Accurate  Ca lcu la t ions :  He-H and He-He 

An a c c u r a t e  c a l c u l a t i o n  of D7 f o r  a hydrogen-scaled hydrogen 

system was d i scussed  i n  Sect ion 4 .  The same v a r i a t i o n - p e r t u r b a t i o n  
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method can be  a p p l i e d  t o  t h e  He-H and He-He i n t e r a c t f o n s .  The exac t  

hydrogenic wavefunction and Lowdin-Shull o r b i t a l  b a s i s  may be used f o r  
I 1  

hydrogen as i n  S e c t i o n  4. 

For helium w e  choose, as have o t h e r s  54y63 ,  t h e  20-term Hart- 

H e r ~ b e r g ~ ~  wavefunction asv.', and t h e  i n i t i a l  b a s i s  se t  nlm = 

Fnlm , where 

a 
P 

T h i s  set must b e  made s imul taneous ly  orthonormal and d i a g o n a l  w i t h  

r e s p e c t  t o  t h e  helium Hamiltonian i n  order  t o  b e  used i n  t h e  a c c u r a t e  

c a l c u l a t i o n  l i k e  t h a t  descr ibed  i n  Sec t ion  4 .  Because of s y m m e t r y  w e  

aga in  need only consider  s u b s e t s  f o r  which m = 0 and 1 = 1 and 2 .  

These s u b s e t s  were each of s i x  b a s i s  o r b i t a l s  s i n c e  l a r g e r  sets l e d  

54,63 t o  a l o s s  of accuracy i n  t h e  o r t h o n o r m a l i z a t i o n  s t e p .  As u s u a l  

t h e  s u b s t i t u t i o n  

w a s  made. 

The a c c u r a t e  r e s u l t s  f o r  He-H and He-He are a l s o  g iven  i n  Tables  

6 and 7 .  

atom c a l c u l a t i o n  and i n  Appendix H some p r o p e r t i e s  of t h e  b a s i s  se ts .  

I n  Appendix F w i l l  b e  found a s h o r t  d e s c r i p t i o n  of t h e  He 

9 .  Discussion:  He-H and He-He 

The r e s u l t s  f o r  He-H and He-He confirm t h o s e  f o r  hydrogen. The 
I 1  

proposed approximation is  b e t t e r  t h a n  t h e  Unsold and can be  q u i t e  good, 
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C 

a t  least f o r  s m a l l  atoms. The He-He case, i n  which i t  is  about  10% 

o f f ,  i s  t h e  b e s t  i n d i c a t i o n  of t h e  accuracy  which might b e  expected 

f o r  l a r g e r  atoms. 
- 

It  i s  a l s o  c l e a r  t h a t  our approximation w i t h  t h e  two-term 'ts 

i s  a d e f i n i t e  improvement over t h e  UnsBld '6 
(59) g ives  3 a c c u r a t e  t o  a t  least t h r e e  f i g u r e s .  This  i s  a s i g n  

. I n  f a c t ,  f o r  helium, 
- 

5 

t h a t  t h e  two-term '6 is  good enough t o  u s e  f o r  more complex atoms. 
6 5  

We are f u r t h e r  encouraged by the  f a c t  t h a t  Pople  and S c h o f i e l d  have 

found t h a t  f o r  argon t h i s  r e p r e s e n t a t i o n  of %pqo 
proximat ion  t o  t h e  optimum form %, \v, ", 5, u(%) qo 
i s  a numer ica l  Hartree-Fock wavefunction . 

i s  a c l o s e  ap- 

where WQ 
66 

Y 

Since  t h e  proposed approximation f o r  D has  a l s o  behaved w e l l  7 

f o r  He-H and He-He it would seem t h a t  c a l c u l a t i o n s  f o r  t h e  rare gas  

atoms would be  worthwhile.  However, b e f o r e  doing t h i s ,  w e  w i l l  look 

a t  an i n t e r p o l a t i o n  method f o r  o b t a i n i n g  a c c u r a t e  v a l u e s  of C 
I1 
AB 

I1 10. Sum Rule I n t e r p o l a t i o n  f o r  C - 

While approximations ( 4 7 )  and (48) are a v a i l a b l e  f o r  Ci' w e  would 

l i k e  t o  have a method of ob ta in ing  i t  more a c c u r a t e l y  f o r  l a r g e  atoms. 

One 

f o r  

two 

51 r e l a t i v e l y  s imple  method is an  a d a p t a t i o n  of Bell's t echn ique  

CAB which r e q u i r e s  only knowledge of t h e  d i p o l e  sum r u l e s  f o r  t h e  

atoms i n  ques t ion .  

6 

Following B e l l 5 '  w e  can write 
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where S(n) is t h e  sum 

'L' K f kt2 

and E = minimum of t h e  t w o  ground t o  f i r s t  e x c i t e d  s ta te  d i p o l e  

t r a n s i t i o n  ene rg ie s  f o r  atoms A and B .  

The cons t an t s  C are chosen s o  t h a t  
i j  

i s  s a t i s f i e d  e x a c t l y  f o r  s e l e c t e d  va lues  of ( x , y ) .  We have chosen 

t h e s e  po in t s  t o  be Be l l ' s  most s u c c e s s f u l  s e t  

The C determined i n  t h i s  manner are g iven  i n  Table  8. 
i j  

Barker and Leonard67 quote  t h e  sum r u l e s  S(O) ,  S ( - l ) ,  S(-2) ,  

S ( - 4 ) ,  and S(-6) f o r  t h e  rare gas atoms. To o b t a i n  S(-3)  and S(-5) 

w e  u se  the  i n t e r p o l a t i o n  formula of Bel l  

The cons t an t s  a , b , c ,  and d are determined from t h e  known sum r u l e s .  

The sum r u l e s  used f o r  our i n t e r p o l a t i o n  of C1' are i n  Tab le  9. W e  

a l s o  have l i s t e d  those  of hydrogen and t h o s e  c a l c u l a t e d  f o r  helium as 

AB 

i n  Sec t ion  8. 

t h e  i n t e r p o l a t e d  va lues  f o r  hydrogen are S( -3 )  = 10.7504 (10.7500) and 

S(-5) = 67.170 (67 .174)  w i t h  e x a c t  values i n  pa ren theses .  

A s  a check on t h e  accuracy of t h e  sum r u l e  i n t e r p o l a t i o n  

49 
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. 

I1 
AB Having ob ta ined  t h e  necessary sum r u l e s  w e  have c a l c u l a t e d  C 

according t o  equat ion  (64) using t h e  va lues  of E from Moore68. The 

r e s u l t s  are i n  Table  11. We have also  i n t e r p o l a t e d  C" f o r  hydrogen AB 
and helium us ing  t h e  e x a c t  sum r u l e s  f o r  hydrogen and t h e  Hart-Herzberg 

I1 
AB sum r u l e s  f o r  helium. 

p rev ious ly  c a l c u l a t e d  i n  Sec t ions  4 and 8 as a cons i s t ency  check on 

These can be compared w i t h  t h e  va lues  of C 

t h e  i n t e r p o l a t i o n  procedure.  The r e s u l t s  are i n  Table  10. 

11. Rough Approximation: Rare Gas Atoms 

The nex t  s t e p  i s  t h e  c a l c u l a t i o n  of D f o r  t h e  rare gas atoms 

us ing  t h e  sum r u l e  i n t e r p o l a t e d  C and Hartree-Fock e v a l u a t i o n  of 

necessa ry  e x p e c t a t i o n  va lues .  

7 
I1 
AB 

F i r s t ,  w e  would l i k e  t o  p re sen t  a rough 

method of e s t i m a t i n g  D which should i l l u s t r a t e  how s e n s i t i v e  t h e  

approximations are and which a l so  might be u s e f u l  i n  ob ta in ing  order -  

7 

of-magnitude estimates f o r  o ther  atoms. 

30 This  approximation draws upon one made earlier by Buckingham . 
c 

I f  w e  use  t h e  two-term approximation f o r  "\5 w e  w i l l  need t o  e v a l u a t e  

t h e  t h r e e  i n t e g r a l s  (summations over  e l e c t r o n s )  
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I f  w e  neg lec t  a l l  cross-terms i n  t h e  summations t h e s e  reduce  t o  

< o \ , p z \ ~ . ,  x 5 <O\n: \ob 

This  r educ t ion  i s  h e l p f u l  s i n c e  t h e  Hartree-Fock e x p e c t a t i o n  v a l u e s  

have been t a b u l a t e d  f o r  n C - 5 by Fraga  

and Malli6'. The rare gas  expec ta t ion  v a l u e s  are quoted i n  Table 1 2 .  

This rough approximation w i l l  u t i l i z e  (71) - (73) i n  t h e  c a l c u l a -  

I I1 
AB t i o n  of g and gl' and i n  t h e  approximation of C by ( 4 7 ) .  L i t e r a t u r e  

va lues52  w i l l  be used f o r  C6 . 
(47) i n  Table 13. The r e s u l t s  of t h e  rough approximation f o r  D are 

t o  be found i n  Table  1 4 .  

AB We have l i s t e d  t h e  v a l u e s  of CL1 from AB 

7 

1 2 .  F u l l  Approximation: Rare Gas Atoms 

To complete our  t r ea tmen t  w e  have c a l c u l a t e d  t h e  ground s t a t e  

expec ta t ion  v a l u e s  (68) - (70) f o r  H e ,  N e ,  A r ,  and K r  w i th  Clement i ' s  

a n a l y t i c a l  Hartree-Fock wavefunctions62. The v a l u e s  of <o\pZ \Q) and 

(o\pzQ\o) ob ta ined  are l i s t e d  i n  Table  15 a long  w i t h  t h e i r  approxi- 

mations (71) and (72 ) .  With t h e s e  e x p e c t a t i o n  v a l u e s  and t h o s e  of  

5 n," w e  can c a l c u l a t e  t h e  c o n s t a n t s  C and C2 f o r  (0\ Q\Q\ 1 p 0P 
I I1 and hence % , g , and g . These c o n s t a n t s  are g iven  i n  Table  1 6  

along w i t h  t hose  f o r  hydrogen and f o r  he l ium c a l c u l a t e d  wi th  t h e  

Hart-Herzberg wavefunction. The two-term p o l a r i z a b i l i t i e s  i n  Table  4 
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I 

I 
i 

2 '  were c a l c u l a t e d  ( w i t h  t h e s e  va lues  of C and C 1 

With t h e  )values of g1 and gl' i n  Table  1 6 ,  t h e  sum r u l e  inter-  

p o l a t e d  CI1 i,h Table  11, and CF from Dalgarno5' w e  have c a l c u l a t e d  

D f o r  hydrogen and t h e  rare gas atoms. The r e s u l t s  are l i s t e d  i n  

Tables  17 ;  18, and 19 ( t h e  Hart-Herzberg c o n s t a n t s  were used f o r  

AB 

7 

helium) - 

13. Discussion:  Rare Gas Atoms 

29 

I'irst, t h e  sum r u l e  i n t e r p o l a t e d  C" c o n s t a n t s  should  b e  a c c u r a t e  AB 
51 t o  a t  least  5%. 

sum r u l e  i n t e r p o l a t e d  C c o e f f i c i e n t s  wi th  o t h e r  methods 

f o r  t h e  rare gases .  

This  estimate is  based upon t h e  agreement of Bel l ' s  
52,67,70,71 

6 
S i n c e  C and CI1 are very  similar t h e r e  i s  no 6 AB 

reason t o  s u s p e c t  t h a t  they  shouldn ' t  be  of approximately t h e  same 

accuracy.  

The rough approximates t o  D i n  Table  1 4  most ly  d i f f e r  from t h e  7 
Hartree-Fock v a l u e s  i n  T a b l e  19 by 20-50%. The d i f f e r e n c e s  a re  g r e a t e r  

f o r  t h e  l a r g e r  atoms w i t h  the WeAr and N e K r  estimates be ing  abaut  

twice t h e  Hartree-Fock v a l u e s .  This method seems s u i t a b l e  f o r  q u i c k  

estimates of D where n o t  t o o  much accuracy i s  r e q u i r e d .  7 

It i s  d i f f i c u l t  t o  judge t h e  accuracy of t h e  D c o e f f i c i e n t s  i n  7 
T a b l e  19 s i n c e  e r r o r s  can a r i s e  b o t h  from t h e  approximation procedure 

i t s e l f  and from t h e  c a l c u l a t i o n  of t h e  e x p e c t a t i o n  values 

<b\pz@\o\, and 

tha t  t h e  approximation procedure is  good t o  10% o r  less given accurate 

<o\pz\~>, 
- 
% , The a c c u r a t e  H and H e  c a l c u l a t i o n s  s u g g e s t  

e x p e c t a t i o n  v a l u e s .  For t h e  o t h e r  rare gas  atoms w e  d o n ' t  have t h e s e .  
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‘\ 
However, i f  w e  observe t h e  e x p e c t a t i o n  v a l u e s  f o r : , t h e  two H e l i u m  

c a l c u l a t i o n s  (Hart-Herzberg and Hartree-Fock) i n  TaXles 15 and 1 6  w e  

see t h a t  a c c u r a t e  e x p e c t a t i o n  v a l u e s  may n o t  b e  a b s o l u t e l y  necessary .  

The Hartree-Fock v a l u e s  of Lo\ 

from t h e  a c c u r a t e  ones by about 5% b u t  g1 and g 

1 

-z 

\ > /0\p2Q\0\) dnd % a l l  d i f f e r  

I1 
F O 

f o r  tfie two are t h e  

same t o  less than  a percent .  

7 It  is a l s o  of i n t e r e s t  t o  compare t h e  v a l u e s  of D /R wi th  t h e  7 

corresponding over lap  d i p o l e s .  T h i s  is done i n  Table  20 f o r  Some 

o v e r l a p  v a l u e s  a v a i l a b l e .  

comparable t o  t h a t  of t h e  o v e r l a p  d i p o l e  f o r  HeH and HeNe b u t  i s  5 t o  

It seems t h a t  t h e  magnitude of D / R 7  i s  7 

10 t i m e s  smaller f o r  H e A r  and N e A r .  Except f o r  HeNe the  o v e r l a p  and 

D c o n t r i b u t i o n s  oppose each o t h e r .  7 

14. Conclusions 

We have developed an approximation f o r  t h e  f i r s t  t e r m  i n  t h e  R-n 

expansion of t h e  d i s p e r s i o n  c o n t r i b u t i o n  t o  t h e  i n t e r a c t i o n  d i p o l e  f o r  

S-state atoms. This  approximation i s  c l o s e  t o  t h e  a c c u r a t e  v a l u e s  f o r  

hydrogen and hel ium and is  a p p l i c a b l e  t o  l a r g e r  atoms a l though i t  i s  

n o t  as easy t o  gauge t h e  accuracy  f o r  t h e s e .  A t  t h e  v e r y  l ea s t ,  t h e  

v a l u e s  of D ob ta ined  should b e  of t h e  c o r r e c t  o r d e r  of magnitude. 7 

I n  t h e  f o u r  cases i n  which estimates of t h e  o v e r l a p  d i p o l e  are 

a v a i l a b l e  w e  have found t h a t  t h e  d i s p e r s i o n  d i p o l e  i s  smaller. 

t h e  two c o n t r i b u t i o n s  are comparable i n  magnitude f o r  HeH and H e N e  and 

are of t h e  o p p o s i t e  s i g n  f o r  a l l  except  HeNe .  

However, 

I n  the  c l a s s i c a l  c a l c u l a t i o n  of McQuarrie and Berns te in”  t h e  

o v e r l a p  d i p o l e  f u n c t i o n  of Matcha and Nesbet3’ f o r  HeAr  w a s  t o o  small 
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t o  f i t  t h e  exper imenta l  absorp t ion  curve w e l l .  

s imilar r e s u l t  f o r  H e A r  and NeAr when he compared two t h e o r e t i c a l  

moments of t h e  abso rp t ion  spectrum c a l c u l a t e d  us ing  t h e  Matcha and 

Nesbet d i p o l e  wi th  t h o s e  from experiment.  

cases t h a t  one f a c t o r  which might have l e d  t c  t h i s  disagreement w i t h  

experiment was t h e  n e g l e c t  of t h e  d i s p e r s i o n  c o n r r i b u t i o n .  

ove r l ap  and d i s p e r s i o n  d i p o l e s  f o r  H e A r  and N e A r  are of o p p o s i t e  

t h e  long-range c o n t r i b u t i o n s  do not  seem t o  account  f o r  t h e  d iscrepancy .  

I n  f a c t ,  t h e  a d d i t i o n  of a d i spe r s ion  c o n t r i b u t i o n  w i l l  make t h e  d i p o l e  

even smaller because of t h i s  s ign  d i f f e r e n c e .  

b e  l a r g e  f o r  t h e s e  two cases  because of t h e  s m a l l  v a i u e  of D 

Levine4* ob ta ined  a 

It was con jec tu red  i n  b o t h  

S ince  t h e  

s i g n  

This  e f f e c t  might no t  

7 '  
Since  w e  have found t h a t  f o r  some cases  t h e  R-7 d i s p e r s i o n  con- 

t r i b u t i o n  t o  t h e  i n t e r a c t i o n  d ipo le  i s  comparable t o  t h e  o v e r l a p  i t  

would seem t h a t  a three-parameter f u n c t i o n  of a form such as 

would b e  a more a c c u r a t e  genera l  d e s c r i p t i o n  of t h e  d i p o l e  moment 

than  t h e  s imple exponential4 ' .  A form similar t o  t h i s  w i th  a R-4 
31 

long-range c o n t r i b u t i o n  has  been used f o r  i n t e rmolecu la r  i n t e r a c t i o n s  . 
For  diatom systems such as HeH and HeNe i n  which t h e  d i s p e r s i o n  c o n t r i -  

b u t i o n  i s  r e l a t i v e l y  l a r g e  t h i s  three-parameter  d i p o l e  f u n c t i o n  may 

be necessary  t o  o b t a i n  accu ra t e  t h e o r e t i c a l  co l l i s ion - induced  absorp- 

t i o n  curves.  
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APPENDICES 

7 

Equation (11) f o r  D is 

A. Symmetry Reduction of D 

7 

/ 
where 

where t h e  summations are  over t h e  e l e c t r o n s  i n  t h e  atom. 
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The f i r s t  p a r t  of t h e  r educ t ion  is  by symmetry and i s  t h e  same 

f o r  a l l  t h r e e  terms of D 

e v ~ & ULt \ 0) 
i t .  

L e t  us  cons ider  only t h e  f i r s t ,  (o\p,.%, 
, as an example. S u b s t i t u t e  (A5)  and (A7)  i n t o  

7 '  

)xo , V3,  and Vab are of t h e  symmetry 4 F i r s t ,  i f  w e  n o t i c e  t h a t  

Yy(a)+Y(l(b), YT(a)YT' (b)  , and Yy(a)Y;(b) and t h a t  t h e  r e s o l v e n t s  R 0 

are s p h e r i c a l l y  symmetric w e  see t h a t  on ly  two terms of (A10) s u r v i v e  

The o p e r a t o r  P permutes t h e  s u p e r s c r i p t s  a and b.  I f  w e  t hen  

s u b s t i t u t e  t h e  e x p l i c i t  forms ( A 4 )  and ( A 6 )  f o r  V 3 
and r e t a i n  only t h e  non zero  terms ( f o r  which Cm = 0) w e  o b t a i n  

ab 
ab and V 4  i n t o  ( A l l )  

~ ~ \ p ~ ~ \ . j ~ ~ \ q \ o )  = ( \ - P c A ~ \ ~ - ~ C O \ ) ~  &p2pk 

72  The next  s t e p  involves  an a p p l i c a t i o n  of t h e  Wigner-Eckart Theorem 

I n  ( A 1 3 ) ,  Tq is t h e  q th  component of an i r r e d u c i b l e  t e n s o r  of k 

o rde r  k ,  (-: 3' is  a Wiper "3j" symbol, and <GY\\,k\\<fsl> 
B M  
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a reduced m a t r i x  element which is independent of the  quantum numbers 

M and M ' .  W e  w i l l  u t i l i z e  t h i s  theorem i n  an angular  r educ t ion  which 

w i l l  re la te  t h e  second term i n  (A12), which invo lves  nonzero magnet ic  

quantum numbers, t o  t h e  f i r s t .  S ince  R i s  s p h e r i c a l l y  symmetric 
0 

w e  w i l l  i gnore  i t  i n  this angular  r educ t ion .  L e t  us cons ider  t h e  A 

and B i n t e g r a t i o n s  s e p a r a t e l y  and l e t  N denote  angular  equ iva lence .  

S ince  i n  t h e  Condon and Shor t ley  phase convent ion 

w e  have 

73 ym 
1 -  

< ~ \ r " . . y p ~ m \ o )  - (-\)w &n\T:\\w> . 
Using t h e  Wigner-Eckart theorem g i v e s  

(A14) 

a \  ) S u b s t i t u t i n g  t h e  numerical  va lues74  f o r  ( 'o:o\ ) and (k \  O % \  

i n t o  (A15) shows us  t h a t  
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and i n s e r t i n g  t h e  numer ica l  v a l u e s  of t h e  "3j" symbols g i v e s  us  

S u b s t i t u t i n g  ( A 1 6 )  and ( A 1 9 )  i n t o  

( A 1 2 )  gives  

< o \ / u > - ~ o y ~ r -  ,!& %@: \ G b  i n  

The r educ t ion  proceeds ana logous ly  f o r  (O\ !&,\a, $o\s\~\ and 

( Q \ ~ ~ A ~ ~ Q , , , \ ~  \o) 
s u b s c r i p t s  on 

Y 
. For s impl i c i . t y  w e  can drop t h e  m = o 

J 

and Q . The reduced expres s ion  f o r  D now is  P 7 

I We now s u b s t i t u t e  equa t ion  (A3)  f o r  t h e  r e s o l v e n t  i n t o  ( A 2 1 ) .  I f  w e  

n o t e  t h a t  from ( 1 3 )  and (16) 

(A2 3 1 4 
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Using t h e  i d e n t i t y  of equat ion  (14)  i n  expres s ion  (16) f o r  R AB 
0 

w e  have 

S u b s t i t u t i n g  (13) i n t o  t h i s  g ives  

0 .. 
-& 

I f  w e  t hen  s u b s t i t u t e  (A26)  i n t o  ( A 2 4 )  w e  o b t a i n  an expres s ion  

i n  terms of a s i n g l e  and a double i n t e g r a l  over f r equenc ie s .  7 f o r  D 

If w e  d e f i n e  d, , % 7 and L as i n  (20) t o  (23 )  t h e  

f i n a l  expres s ion  f o r  D is 7 

C\W 
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I1 
B .  Choice of g1 and E: 

The c o n s t a n t s  g1 and gI1 are approximations t o  t h e  frequency- 

dependent va lues  %56h/d(i&) and T(u,,13> / L(u,w> . The t h r e e  

methods mentioned f o r  e v a l u a t i n g  t h e s e  are f o r  zero  frequency,  i n  t h e  

l i m i t  as t h e  frequency approaches i n f i n i t y ,  o r  as frequency averages .  

1. Zero Frequency 

For t h i s  case w e  take t h e  c o n s t a n t s  t o  b e  t h e  r a t i o s  w i t h  a l l  

f requencies  equal  t o  z e r o ,  

and 

<a\)), %,)A n o  \ u b  0 2 )  

a <+ R ~ R ~ ~  io) 
I n  t h i s  approximation w e  need t h e  f i r s t  o r d e r  wavefunt ions Qpwo 

and %&,Qqo . These are known e x a c t l y  f o r  one-electron systems 58 

b u t  n o t  f o r  l a r g e r  ones and t h u s  (Bl) and ( B 2 )  s h o u l d n ' t  b e  t o o  e a s y  

t o  c a l c u l a t e .  

2. I n f i n i t e  Freauencv L i m i t  

I n  t h e  l i m i t  of i n f i n i t e  frequency 

, 
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I f  w e  set t h e  cons t an t s  equa l  t o  t h e  r a t i o s  wi th  t h i s  l i m i t i n g  v a l u e  

of R (w) w e  ob ta in  75 
0 

CQi bA..,r;lp LQ> HA\+ 
LQ\ FiHoj ,G>  \a \6> 0 

Expressions ( B 4 )  and (BS) may b e  easier t o  e v a l u a t e  than  t h e  zero- 

f requency va lues  s i n c e  they  involve only  one r e s o l v e n t .  However t h e  

i n f i n i t e  frequency g1 and gl' shou ldn ' t  be as good as t h e  zero  frequency 

ones s i n c e  t h e  weight ing f a c t o r s  i n  (30) and t h e  analogous i n t e g r a l  

as us-4 and wiK r e s p e c t i v e l y  as w 4  OD and f o r  D7 go 

are maximums a t  w = 0. 

I1 

3.  Frequency Averages 

A method which seems t o  be a good compromise between t h e  f i r s t  

two is t o  r e p l a c e  Ro(w) by its "frequency average" 

I1 This y i e l d s  t h e  fo l lowing  express ions  f o r  g1 and g 

d 



39 

This choice  r e q u i r e s  e x p e c t a t i o n  v a l u e s  which should b e  easier 

t o  c a l c u l a t e  t han  t h o s e  occur ing  i n  t h e  o t h e r  two methods. 

For g", d i f f e r e n t  combinations of t h e  above t h r e e  are a l s o  

p o s s i b l e  ( e . g .  one frequency z e r o  and t h e  o t h e r  i n  t h e  i n f i n i t e  

I 75 and gI1 have been c a l c u l a t e d  p rev ious ly  l i m i t ) .  Exact va lues  of g 

f o r  hydrogen f o r  t h e s e  v a r i o u s  combinations and are quoted below. 

I A s  can be seen ,  n e i t h e r  g nor  gl' is  a c t u a l l y  a cons t an t .  

We have chosen t h e  frequency-averaged v a l u e s ,  (B7) and (B8) , 
mainly because of t h e i r  computat ional  convenience.  To test t h i s  cho ice  

D h a s  been c a l c u l a t e d  f o r  t h e  model system of S e c t i o n  4 us ing  t h e s e  

two and a l s o  t h e  p a i r s  i n  which t h e  f r e q u e n c i e s  are ze ro ,  (Bl)  and (B2) , 
and i n f i n i t e ,  (B4) and ( B 5 ) .  They are compared w i t h  a c c u r a t e  v a l u e s  

i n  Table  21.  The a c c u r a t e  v a l u e s  of CAB and C z  given  i n  Table  1 were 

used i n  these  c a l c u l a t i o n s .  

7 

6 



40 

A f t e r  comparing them w e  s ee  t h a t  t h e  ze ro  and average  frequency 

methods g i v e  almost  e q u a l l y  good v a l u e s  of D 

v a l u e s  average 1 . 3 %  d i f f e r e n c e  from t h e  a c c u r a t e  ones and t h e  average 

frequency 1 .6%) .  The i n f i n i t e  l i m i t  values of D are much worse,  

d i f f e r i n g  from t h e  accurate ones by about  11%. Thus t h e  average 

frequency choice seems j u s t i f i e d .  The s l i g h t  d i f f e r e n c e  between t h i s  

and t h e  ze ro  frequency method does no t  war ran t  doing t h e  more d i f f i c u l t  

i n t e g r a l s  involved i n  t h e  l a t t e r .  

( t h e  zero  frequency 7 

7 
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C.  D f o r  H-H Using Hirschfe lder -El iason  D e n s i t i e s  7 

Hirsch fe lde r  and E l i a ~ o n ~ ~  have c a l c u l a t e d  C f o r  t h e  i n t e r a c t i o n  6 
of two hydrogen atoms us ing  t h e  e l e c t r o s t a t i c  Hellmann-Feynman Theorem. 

They consider  t h e  long range d i s p e r s i o n  f o r c e  

where p, is  t h e  t o t a l  e l e c t r o n i c  charge d e n s i t y  

The t o t a l  wavefunction 

neg lec t ed  a t  long range .  

t h i s  dens i ty  is (neg lec t ing  terms which van i sh )  

i s  n o t  ant isymmetr ized s i n c e  ove r l ap  i s  

I n  terms of t h e  p e r t u r b a t i o n  expansion ( 3 )  

where 
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The f i r s t  t h r e e  do n o t  c o n t r i b u t e  t o  (Cl) s i n c e  they  are even i n  z .  

The last  two, $ 
and El iason .  

and r$ , do and are quoted by Hi r sch fe lde r  

L e t  us d e f i n e  a "one-way" va lue  of D w i t h  \ r a t h e r  t han  
7 P 

where 2, f o r  an H atom (c.f. equat ion  (11) ).  

Observing ( C 8 )  and (C9)  w e  see  t h a t  D7  can be  expressed as 

Furthermore,  i f  w e  were t o  reduce (C8)  and (C9) as i n  Appendix A w e  

would f i n d  t h a t  
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I 

and 

"I (z> (\\ 
We have c a l c u l a t e d  D 7 and?" 7 w i th  the d e n s i t i e s  T 3 4  and c .4  

The d e n s i t i e s  can be  expressed as 

The c o e f f i c i e n t s  C ( l )  and CL2) are i n  Table  22.  k 
The Hirschfe lder -El iason  d e n s i t y  v a l u e s  of -1 D and 5;' f o r  hydrogen- 

7 

hydrogen are compared wi th  t h o s e  from Sec t ion  4 i n  t h e  t a b l e  below. 

Sec t ion  4 330.505 64.006 394.511 

Dens i t  ie  s 330.512 64.007 394.519 

The agreement i s  e x c e l l e n t .  
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D.  Checks f o r  t h e  Hydrogen Basis 

Although our  approximations a g r e e  q u i t e  w e l l  w i t h  t h e  a c c u r a t e  

v a l u e  of D w e  need t o  v e r i f y  t h e  accuracy of t h e  l a t te r  c a l c u l a t i o n s .  

T h i s  h a s  p a r t i a l l y  been accomplished i n  Appendix C .  However w e  s t i l l  

need t o  check t h e  completeness of our f i n i t e  b a s i s  s e t .  

7 

1. Long-Range Energy C o e f f i c i e n t s  

HH 
F i r s t ,  w e  can compare t h e  v a l u e s  of CHH (Table  1) and C8 6 

7 7  
computed u s i n g  our  b a s i s  se t  wi th  t h e  most a c c u r a t e  v a l u e s  of Kolos . 
W e  g e t  

6.499027 - CF - 

C Y  = 124.3991 

77 which are i n  exact agreement with t h o s e  of Kolos . 

2. Expec ta t ion  Values Involving R 

Using (50) w e  can w r i t e  
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58 A l l  of t h e  l e f t  hand q u a n t i t i e s  can be  eva lua ted  e x a c t l y  us ing  t h e  known 

f i r s t  o rder  wavefunctions kt,y\tb and Q o @ W o  . The agree- 

ment with t h e  approximations is g iven  i n  t h e  fo l lowing  t a b l e .  

Equation Exact Approximat ion  

D 1  - 2.25 - 2.25000000 

D2 - 7.50 - 7.50000000 

D3 8.25 8.24999994 06) 

D4 8.25 8.24999993 

D5 - 14.625 - 14.6249999 

Since  our b a s i s  set c o n t a i n s  bo th  pw, and awe , r e l a t i o n s  

78 of t h e  fo l lowing  k ind  should  be s a t i s f i e d  e x a c t l y  . 

This  w a s  found t o  be  t r u e  f o r  t h e  number of s i g n i f i c a n t  f i g u r e s  (9)  

c a r r i e d  i n  the  computation. 
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- 
E. C a l c u l a t i o n  of Two-Term 

From equat ion  ( 5 7 )  w e  have 

Using e q u a t i o n  (A8)  and dropping t h e  s u b s c r i p t  g ive  us 

W e  a l s o  d e f i n e  

Then i n  terms of t h e s e  symbols 

- 
Since  from equat ion  (59) t h e  two-term approximation f o r  "d is  

- 
P i f  w e  s u b s t i t u t e  ( E 4 )  i n t o  (E5) w e  o b t a i n  i n  terms of 

y \ *  

S i m i l a r l y  t h e  two-term approximation t o  t h e  p o l a r i z a b i l i t y  is 
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We determine t h e  c o n s t a n t s  C and C 1 2 by ex t remiz ing  t h e  Hyl le raas-  

t y p e  f u n c t i o n a l  

w i t h  respect t o  v a r i a t i o n s  i n  C and C I f  w e  d e f i n e  1 2 '  

S \ a  -= <+ry\\O\> 

t h e  formulas f o r  C1 and C are 2 

H\\ >\a - S\\ M\a - ca - H\\ Uaa - \?a 
a 

S u b s t i t u t i n g  t h e s e  v a l u e s  (E141 and (E15) i n t o  (E6)  g i v e s  t h e  
2_ 

two-term express ion  f o r  '6 . 
P r a c t i c a l l y ,  one o t h e r  approximation h a s  a l s o  been made. We 

have assumed t h a t  i f  f and g are two f u n c t i o n s  t h e n  
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This  s u b s t i t u t i o n  is s t r i c t l y  true on ly  i f  q~ i s  t h e  exac t  ze ro th  

o rde r  wavefunct ion b u t  i s  commonly used 5 4  ’63 and s i m p l i f i e s  t h e  ca lcu-  

l a t i o n s  immensely. I f  w e  make t h i s  s u b s t i t u t i o n  i n  (E9) - ( E l l )  we 

ob r a i n  

(E171 h,, T --,Ne \ 

b a a  = h e  < c s \ y i ~ \ d ,  (E191 

where N , i s  t h e  number of e l e c t r o n s .  

g round-s ta te  e x p e c t a t i o n  value t h e  expres s ions  f o r  C and C used i n  

o u r  approximation are 

I f  w e  l e t  4 > s i g n i f y  a 

1 2 
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F. H e l i u m  Atom C a l c u l a t i o n  

I n  t h i s  appendix w e  w i l l  g i v e  a s h o r t  d e s c r i p t i o n  of t h e  helium 

c a l c u l a t i o n .  

For t h e  a c c u r a t e  computations involv ing  t h e  helium atom w e  have 

used a bas i s  set vw~w\ '= &,,+o where 

and w, i s  t h e  20-term H a r t - H e r ~ b e r g ~ ~  ground s t a t e  wavefunction 

of t h e  form 

A =\ 

I n  (F2) t h e  v a r i a b l e s  are 

(F3) s- n , tn ,  t z  Jt,-n= U= n \ a  . 
A s  i n  t h e  prev ious  Appendix w e  make t h e  s u b s t i t u t i o n  i n  t h e  Hamiltonian 

ma t r ix .  

9 

L%n,\U,-fo\%!dd> ", a'z <*: \PAF,,,.U*Flcn'vd>. (F4) 
A D \  

Then a l l  the  necessa ry  i n t e g r a l s  can be expres sed  i n  terms of t h e  set 

of b a s i c  i n t e g r a l s  

xy' = & O \ L  k t 1 - i  na \cllt\-\ Y;(\\ \;m \uZu). (F5) 

To eva lua te  t h e s e  s u b s t i t u t e  (F2) i n t o  (F4) and expand s and t 

us ing  
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kk' is Then Ih 

where 

and 

% = u\;+ ( F l u  

Calais and L k d i n 7 '  have g iven  a s imple  method of e v a l u a t i n g  

i n t e g r a l s  of t h e  form 

kkkX' 
This method can b e  used f o r  xAb\ . Summing @7) f i n a l l y  

g ives  t h e  b a s i c  i n t e g r a l s  I h  . kk' 

Having eva lua ted  t h e s e  i n t e g r a l s  and t h e  Hamiltonian and over lap  

mat r ix  e lements  i t  i s  a simple matter t o  f i r s t  or thonormalize t h e  
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b a s i s  set and then  t o  d i agona l i ze  t h e  Hamiltonian m a t r i x  i n  the or tho-  

normal b a s i s .  One s l i g h t  complicat ing f a c t o r  encountered was t h e  l o s s  

of accuracy i n  t h e  o r thonorma l i za t ion  s t e p  when l a r g e  b a s i s  sets were 

used. A Schmidt o r thogona l i za t ion  subrou t ine  based on a method from 

Morse and Feshbach w a s  found t o  g i v e  be t te r  r e s u l t s  t hen  an a l t e r n a t e  

method i n  which t h e  ove r l ap  ma t r ix  was d iagona l i zed  us ing  t h e  Univer- 

s i t y  of Wisconsin Computing Center  L ib ra ry  Subrout ine  f o r  t h e  CDC 3600. 

For six-membered b a s i s  sets t h e  fo l lowing  t a b l e  l ists  t h e  wors t  

d i agona l  and of f -d iagonal  e lements  of t h e  ove r l ap  m a t r i x  a f t e r  o r tho -  

normal iza t ion .  

93 

1 d i a g  ona 1 of f  -d iagonal  

(F13) 
1 9.99998927 x 10-1 7.62846321 x 

2 9.99999901 x 10-1 4.69759107 x 

These became p rogess ive ly  worse as t h e  b a s i s  s i z e  was inc reased .  
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G. Checks f o r  Helium Basis 

J u s t  as f o r  t h e  hydrogen b a s i s ,  w e  need v e r i f i c a t i o n  of t h e  

adequacy of t h e  b a s i s  se t  used f o r  hel ium. 

1. Long-Range Energy C o e f f i c i e n t s  

Values of C and C8 obtained wi th  our  helium and hydrogen b a s i s  6 
are compared wi th  what are probably t h e  most a c c u r a t e  v a l u e s  below 

( i n  parentheses)  

C:eH = 2.816 (2.8380'81) 

C:eHe = 1.458 (1.4780'81, 1.4605 -t- - .0025 ) 

C y  = 41.73 (41.9 80) 

C:eHe = 14.06 (14.280) . 

82 

83 These a l s o  compare w e l l  w i th  o the r  l i t e r a t u r e  v a l u e s  . 

2. P o l a r i z a b i l i t i e s  

The s t a t i c  d i p o l e  and quadrupole p o l a r i z a b i l i t i e s  are compared 

below wi th  what are probably t h e  most a c c u r a t e  v a l u e s  (atomic u n i t s )  

3. Sum Rules 

The d i p o l e  and quadrupole sum r u l e s  f o r  S have a l s o  been checked. 
0 

There are, as i n  Appendix D ,  



N 

be = a 1 
k=\ 

N 

au, ~ \ n \ a \ ~ )  = 2 23. A ~ ~ Q L  
k=\ 

Unlike i n  Appendix D w e  would no t  n e c e s s a r i l y  expec t  ( G 8 )  t o  be 
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(G7) 

s a t i s f i e d  e x a c t l y  s i n c e  t h e  ma t r ix  e lements  b~~ and %,\cc do n o t  

c o n t a i n  t h e  exac t  ze ro th  o rde r  wavefunction. I n  t h e  t a b l e  below w e  

have compared t h e  summation v a l u e s  wi th  N,and w i t h  ( a \ n P \ c l )  from 

Pekeris’l  and from t h e  Hart-Herzberg ground-s ta te  wavefunct ions.  

J 

Summat i on  

2.000000 

4.773296 
(G9) 

4. 773932(a) I 4.773321 

( a )  Peker i s .  See Reference 91. 

Comparing the  summation va lue  f o r  (G8) wi th  t h e  Peke r i s  and Hart- 

Herzberg va lues  we see t h a t  the  summation is  a c c u r a t e  t o  f o u r  f i g u r e s .  

The d i f f e r e n c e  is  due more t o  t h e  inaccuracy  of t h e  approximate ground 

s t a t e  wavefunction r a t h e r  than  t o  t h e  f a c t  t h a t  t h e  b a s i s  set is  n o t  

complete ( s i n c e  t h e  agreement wi th  t h e  Hart-Herzberg (a\ n<\o) i s  

t o  s i x  f i g u r e s ) .  
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H. P r o p e r t i e s  of Hydrogen and Helium Basis S e t s  

L e t  ??,,Q,,, be  an orthonormal b a s i s  set 

such t h a t ,  i f  No and E are t h e  Hamiltonian and ground-s ta te  

energy of t h e  atom under cons ide ra t ion ,  

0 

The energy a€! 
W e  a l s o  d e f i n e  t h e  e f f e c t i v e  o s c i l l a t o r  s t r e n g t h s  

i s  an  e f f e c t i v e  t r a n s i t i o n  energy f o r  t h e  atom. 

1. Hydrogen 

For t h e  hydrogen atom w e  have used a ten-membered set C&,,,& and 

a twenty-membered set $ ( b ~ & ~  . The c!Qv\pun are chosen t o  b e  l i n e a r  
I t  

combinations of t h e  orthonormal Lowdin-Shull 56y57 o r b i t a l s  (which are 

themselves  l i n e a r  combinations of func t ions  of t h e  type  F ) .  n lm 

The e f f e c t i v e  t r a n s i t i o n  e n e r g i e s  and o s c i l l a t o r  s t r e n g t h s  f o r  t h e  

d i p o l e  and quadrupole t r a n s i t i o n s  i n  hydrogen are l i s t e d  i n  Table  2 3 .  

It should b e  noted  that &c\ and kc: are upper bounds t o  t h e  

f i r s t  d i p o l e  and quadrupole t r a n s i t i o n  e n e r g i e s  which are 0.375 and 
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0 .444  .... r e s p e c t i v e l y .  

sums of fko  and fk: are 

2. H e l i u m  

1 

Also as i n  (D9) and ( D l O )  w e  f i n d  t h a t  t h e  

~.OOOOOOOO and 6.00000000 r e s p e c t i v e l y .  

For hel ium w e  have used a six-membered b a s i s  {bhlbj and a s i x -  

membered ~ & l o ~  . The z e r o t h  o rde r  wavefunct ion is t h e  twenty- 

term ground-s ta te  wavefunction of Hart and Herzberg 64 . 
The e f f e c t i v e  t r a n s i t i o n  e n e r g i e s  and o s c i l l a t o r  s t r e n g t h s  f o r  

d i p o l e  and quadrupole t r a n s i t i o n s  i n  hel ium are l i s t e d  i n  Table  24.  

The o s c i l l a t o r  s t r e n g t h  sums (G7)  and ( G 8 )  are 2.000000 and 4.773296.  

An a c c u r a t e  v a l u e  of t h e  la t ter  is g iven  i n  ( G 9 ) .  



56 

\o 
U 

d 
+I 

a) 0 
d 
P [I) 
(d a) 

7 
rd 
3 
a) 
w a 
E 
4 
x 
0 
k a 
2 
8 
a 

a, u 
(d 
k 
3 
0 

4 

H 
H u 

I 

W u 

Nl 

0 
0 
0 

m 

m 
\o 
N 
e 
m 

rl * 
u) 
0 
-3 
cr) 

m 

m 
W 
h 
cv 
cu 

0 
N 
W 
m 
N 

m * e 
W 
0 
m 
N 

b 
h 
cn m 
rl 

cn 
tn 
u) 
W 

rl 

tn 
W 
W 
0 cv 
W 

4 

0 
m * 
N 
03 

0 

b 
0 
N 
u) 
a3 

0 

m 
o\ co 
h co 
m co 
0 

03 
\o e 
0 
W 

0 

-3 
4 
-3 
c\1 
W 

0 

a3 
tn 
h 
m 
W 
rl 
W 

0 

I-. 
N 
o\ 
-3 
-3 

0 

u) 
0 
m 
W * 
0 

4. 
03 
W 
h co 
m e 
0 

0 
a3 
b 
m 
(7 

0 

ul 
W 
b 
4- 
m 
0 

03 
cn 
4- 
rn 
u) e 
m 
0 

4 
03 
W 
u, 
N 

0 

u) 
0-l 
m 
W 
CJ 

0 

0 
W 
h 
4 
m 
\D 
e4 

0 

N 
m 
h 
cn 
rl 

0 

0 
rn 
N 
0 
N 

0 

r- 
m 
ma 
rn 
e4 
0 
cv 
0 



57 

Table 2 

Comparison of Accurate  and Approximate Values of D I and DL1 f o r  II -H 
(atomic u n i t s )  7 7 5 

5 

1 . 0  

1.1 

1 . 2  

1 .3  

1 . 4  

1.5 

1 . 6  

1 . 7  

1.8 

1 .9  

2.0 

Accurate  Eq. (31) 

0 0 

77.74 76.29 

96.68 94.91 

93.84 92.17 

Accura te  Eq. (32) 

0 0 

7 . 9 1  7.83 

9 . 6 1  9 .51  

9.02 8.93 

83.76 82.31 i 7.73 7.65 

72.14 70.94 

61.18 60.20 

51.56 50.77 

43.40 42.76 

36.58 36.07 

30.93 30.52 

6.35 6.29 

5.12 5.07 

4.09 4.05 

3.25 3.23 

2.59 2.57 

2.07 2.05 
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Table 3 

r 

Comparison of Accurate and Approximate Values of D f o r  H -H (atomic units) 7 c 
1 1  

Accurate Approx. (32 and 32) Unsold (26) 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

0 

85.65 

106.29 

102.87 

91.48 

78.49 

66.29 

55.64 

46.65 
I 

39.17 

~ 33.00 
I 

0 

84.12 

104.42 

101.10 

89.96 

77.23 

65.27 

54.82 

45.99 

38.64 

32.57 

0 

72.84 

90.31 

87.29 

77.51 

66.39 

55.97 

46 e 90 

39.25 

32.91 

27.68 
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Table 4 

( a >  P o l a r i z a b i l i t i e s  f o r  Rare Gas Atoms 

He 

N e  

A r  

K r  

1.49 

2.66 

1 3 . 4  

21.0 

1.48 

2.82 

16.5 

1.384 

2.67 

11.1 

16.7 

(a) A l l  v a l u e s  i n  atomic u n i t s  

(b)  Zero th  o r d e r  wavefunctions are Clement i ' s  a n a l y t i c a l  Hartree-Fock. 

See Reference 62 

( c )  Langhoff and Hurst .  See Reference 6 1  

(d)  Dalgarno and Kingston. See Reference 84 



T a b l e  5 

- 
Comparison of Accurate and Approximate Values of 3 and g I for 

1.592 1.588 1.206 

(a) a11 values in atomic units 
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Table 6 

- +  D Coefficients for H e  - H (Atomic Units)  7 

C a l c u l a t i o n  

Accurate 

Approx. 1 

Approx. 2 

Approx. 3 

Approx. 4 

111 

112 

112 

119 

98 .1  

(a) % = D7 - D7 ( accu ra t e )  

8.6 120 0 

9.6 122 1.8 

9.6 122 1.8 

9.6 129 7.2 

9.8 108 10.2 

D7 ( accu ra t e )  

L 
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C a l c u l a t i o n  

Accurate  

Approx. 1 

Approx. 2 

Approx. 3 

Approx. 4 

Table 7 

A I1 2 2 (4 -.I 
- D7 D7 D7 

15.5 2.9 18.4 0 

13.9 2.7 16.6 9.6 

13.9 2.7 16.6 9.6 

10.6 2.7 13.2 28.0 

11.3 2.8 1 4 . 1  23.1 

. 

A 
D C o e f f i c i e n t s  f o r  He-He (Atomic U n i t s )  7 

,, A 
(a) % = Dt - D, ( a c c u r a t e )  

4 

D (accura te )  7 
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Table 10 

11 
AB Comparison of Sum Rule Interpolated and Variation-Perturbation C 

I1 Diatom I' (sum rules)  CAB (var. - pert.) 

H-H 

H e  -H 

He-He 

4.932447 

1.268 

0.4550 

4.932417 

1.267 

0.4542 
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H 

He 

Ne 

A.r 

Kr 

Table 11 

4 . 9 3  1.28 2.30 11.3 17.4 

0.458 0.851 3 . 5 4  5.19 

1.60 6.50 9.51 

29.0 4 3 . 3  

65.2 

Sum Rule Interpolated Cii (atomic units) 

H He Ne Ar Kr 
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n 

1 

2 

3 

4 

5 

Table 12 

(b)  K r  (b 1 Ar (b ) Ne (a) He 

1 .859  7.892 16.07 26 .24  

2.387 9.376 26.03 39.52 

3.934 14.40 55.99 87 .94  

7.937 27.28 144 .9  2 4 5 . 1  

18.96 62.09 437.8 800.6 

Rare Gas Expectation Values 1 Lo\n:\&> (atomic u n i t s )  
1 

(a) From Hart-Herzberg wfn. This  paper 

(b) Fraga and Malli. Reference 69  



- 
H 

He 

Ne 

Ar 

Kr 

Table 13 

Approximate Cii f rom ( 4 7 )  (Atomic Units) 

H He Ne A r  Kr 

5.06 1.25 1 .62  8.49 12.9 

0.479 0.820 3.71 5 . 6 4  

1.80 7.10 10.8 

30.2 45.9 

69.7 

. 
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H 

He 

Ne 

A r  

K r  

Table 1 4  

0 

Rough Dispe r s ion  Dipole C o e f f i c i e n t s  DAB for Diatoms A-BS (atomic u n i t s )  7 

H He  N e  A r  K r  

- 122 - 247 - 455 - 424 

0 - 7.0 19 1 368 

0 444 825 

0 753 

0 
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Table 15 

I.0 1.0 - 3.0 - 3.0 

0.7524 0.7956 - 0.9863 - &.OS8 

0.7899 0.7899 - 1.037 - 1.037 

2.028 3.125 - 2.261 - 3.618 

5.475 8.679 - 10.88 - 19.31 
7. a77 13.17 - 17.57 - 32.08 

(a) All v a l u e s  i n  a tomic u n i t s  

(b) Exact 

( c )  Hart and Herzberg ground s ta te  wavefunct ion.  Reference 64 

(d) Clementi  ground s ta te  Hartree-Fock wavefunct ion.  Reference 62 
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A t o m  

Table  16  

z 

c2 x g g 

P r o p e r t i e s  of Hydrogen and Rare Gas A t o m s  (a) 

16.50 8.25 1.50 

2.396 1.59 0.655 

0.3237 0.3771 2.525 1.60 0.656 

0.0225 0.3640 8.617 2.12 0.558 

0.0097 0.5028 39.21 3.58 0.994 

(c) 

(4 

( a  

H e  

H e  

N e  

Ar (d) 

- 0.1066 0.5600 73.06 4.64 1 .12  (a K r  

( a )  A l l  v a l u e s  i n  atomic u n i t s  

(b)  Exact 

(c) Hart-Herzberg ground state wavefunct ions.  Reference 64. 

5 Calcu la t ed  as i n  S e c t i o n  8 

(d)  Clementi Hartree-Fock ground State  wavefunction. Reference 62 
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H He Ne Ar K r  

Table 17 

D7 I f o r  Diatoms A-B' (atomic u n i t s )  

H 

He 

Ne 

Ar 

K r  

0 - 112 - 206 - 560 - 629 

0 9.59 115 238 

0 175 40 7 

0 577 

0 

. 



H 

He! 

Ne 

Ar 

KL- 

73 

T a b l e  18 

D;' f o r  Diatoms A-B' (atomic u n i t s )  

H He Ne Ar Kr 

0 - 9.63 - 19.5 - 51.5 - 60.2 

0 - 0.75 10.8 21.5 

0 25.5 47.8 

0 47.5 

0 
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H 

He 

Ne 

Ar 

Table 19 

0 - 122 - 225 - 612 - 689 
0 8.84 125 259 

0 200 455 

0 625 

Dispersion Dipole Coefficients DAB for Diatoms A-BS (atomic units)  7 

H He Ne Ar Kr 

I K r  0 
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Table 20 

L 

Comparison of Overlap Dipoles  and D Rm7 Con t r ibu t ions  t o  Di spe r s ion  7 
Dipole  (4 

R /Overlap (XIO 3 ) 
I A'B- 

..Net:; I 5 ; i ( i )  1 - 0.171 
HeNe - 0.153 

5 .  6 5 ( i )  
5 .65 
5.65 
5.65 
5.65 

5 .  8 2 ( i )  
5.82 
5.82 

3 .23  
3.24 
6.43 
5 . 6 1  
4.68 

5.66 
5.68 
7.56 

D7Rw7 ( d o 3 )  1 T o t a l  (x103) 
I_-- 

- 54 
- 0 . 8 1  

- 0.109 
- 0.109 

- 0 .68  - 0 .68  
- 0 .68  - 0 . 6 8  
- 0 .68  

- 0.88 
- 0 . 8 8  
- 0.88 

15 8 

c 

Atomic u n i t s .  

T o t a l  d i p o l e  from Bender and Davidson. Reference 85 

Overlap d i p o l e  from Byers Brown and Whisnant. Reference 75 

Overlap d i p o l e  from Matcha and Nesbet.  

Overlap d i p o l e  from McQuarrie and Berns t e in .  Reference 39 

Overlap d i p o l e  from Levine.  

Overlap d i p o l e  from Sears .  

C o l l i s i o n  diameter .  Reference 75 

C o l l i s i o n  diameter .  Reference 86 

Mult ip ly  by 2.54 t o  g e t  Debyes 

Reference 35 

Reference 40 

Reference 38 



Q 

76 

5 

1.1 

1 . 2  

1 . 3  

1 . 4  

1 . 5  

1 .6  

1 . 7  

1.8 

1 . 9  

2.0 

Table 21  

(d) a c c u r a t e  (C) average  (b ) i n f i n i t e  ( a >  ze ro  

86.4 75.6 84 .1  85.7 

107.3 93.9 104.4 106.3 

104.0 90.9 101 .1  102.9 

92.5 80.9 90.0 91.3 

79.5 69.5 7 7 . 2  78.5 

67.2 58.8 65.3 66.q 

56.5 49.4 54.8 55.6 

47.4 41.5 46.0 46.6 

39.8 34.8 38.6 39.2 

33.6 29.4 32.6 33.0 

Comparison of Approximate D f o r  H -H Using D i f f e r e n t  g1 and g 11 
7 r; 

(a tomic  u n i t s )  

(a) Equat ions  (Bl) and 0 2 )  

(b) Equations ( B 4 )  and 035) 

( c )  Equations (B7) and 038) 

( d )  Calcu la t ed  i n  Sec t ion  4 
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Table 22 

b Coefficients in Perturbed Densities (4 

K 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

1.5673 

3.0983 

1.3753 

- 0.76255 
0.17083 

- 0.015535 

35.233 

17.616 

10 a 570 

7.0466 

2.5927 

- 0.55149 

0.061489 

0 

(a) See Reference 76 
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Table 23 

E f f e c t i v e  Eigenenerg ies  and O s c i l l a t o r  S t r e n g t h s  f o r  Hydrogen 

(atomic u n i t s )  

K 
-_ 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 2  
13 
14  
15  
16 
1 7  
18 
19 
20 

Dipole  

1 
ko 

0.37500006 
0.44533064 
0.48877611 
0.56134416 
0.68364018 
0.89169023 
1.2698693 
2.0478339 
4.0423429 

12.194172 

0.416199 93 
0.08803654 
0.08993244 
0.10723836 
0.10489 786 
0.08700329 
0.06013601 
0.03259492 
0.01199044 
0.0019 7021 

Quadrupole 

LEk 2 

0.44444445 
0.46880284 
0.48249939 
0.49971330 
0.52424651 
0.55708044 
0.59980726 
0.65484807 
0.72574707 
0.81771087 
0.93854046 
1.1002748 
1.3222208 
1.6368734 
2.1023713 
2.8312742 
4.0658247 
6.4118735 

11.785552 
29.649342 

2 
ko 

0.53393665 
0.24219681 
0.21397687 
0.31121155 
0.40891305 
0.49348553 
0.55611221 
0.58803528 
0.58373424 
0.54296444 
0.47137589 
0.37959182 
0.28096802 
0.18863003 
0.11262701 
0.05803830 
0.02459282 
0.00787176 
0.00160461 
0.00013317 
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Table 24 

Effective Eigenenergies  and O s c i l l a t o r  S t r e n g t h s  f o r  H e l i u m  

(atomic u n i t s )  

K 
- 

1 

2 

3 

4 

5 

6 

Dipole  

A E L k  1 
ko 

0.787081 0.290484 

0.913236 0.348200 

1.22217 0.495962 

1.89959 0.498469 

3.74491 0.302369 

11.7497 0.064516 

Quadrupole 

2 
k 

2 f ko 
- 

0.856236 0.170121 

1.00739 0.959716 

1.31419 1.44022 

1.95227 1.37529 

3.53727 0.706164 

9.28201 0.121785 
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